(1.1) g-+U(g) a continuous1 unitary representation of G in a separable Hubert space ^ over the complex numbers. Let a be any element of the Lie algebra ® of G; then exp 6a, as defined in [l, chap. IV, §VIII] is an element of the group G and as 6 varies over the real line, exp 6a varies over a certain one-parameter subgroup of G. Therefore the operators Z7(exp 6a) form a one-parameter group of unitary operators in §. Hence there exists, as is well known, a self-adjoint (hypermaximal) operator A defined by lim^o (l/9)(U(exp 6a) -T)x = iAx where DA, the domain of definition of A, is the set of those x£^j for which this limit exists. And Suppose that the decomposition (1.4) is such that U(g) is decomposable (as defined in [7, part II]) for every gEG. Thus there exist for each g an operator-valued function U(g, t) of / whose value is for each gEG and a.e. / a unitary operator in £>(. Under these conditions it has been seen in [5, §4] that there exists for each of the above operators A an operator-valued function A (/) where A (t) is (after a possible change on a /-set of measure zero) for each / a self-adjoint operator in the space ¿pf such that (1.5) U(g, t) = exp i6A(t) for a.a. /, where g = exp da. Hence if we change U(g, t) for each g on a suitable /-set of s-measure zero we obtain a new operator Ü(g, t) such that (1.6) Ü(g, t) = t7(exp 9a, t) = exp iOA(t) for all t.
We shall prove in the present note the following theorem.
Theorem. Given any continuous unitary representation (1.1) of a connected Lie group G in a separable Hilbert space S¡) and a direct integral ÍQ=f(¡)$í)i under which the operator U(g) decomposes for each gEG into (say) U(g, /). Then it is possible to change U(g, t) for each g on a t-set of s-measure zero into a unitary operator Ü(g, t) in ¡£>t such that the mapping g-*Ü(g,t)
is a continuous unitary representation of the group G for every I.
Moreover (after a possible change of the spaces §( on a set of measure zero) there exists for each t a dense linear subspace fQ° of ¡Qt such that 7>x(i)2 §?, A(t)^°,Q^>°, and if A0(t) denotes the restriction of A(t) to the subspace §° then the mapping a->-Ao(t) is a representation of the Lie algebra ®.
We shall prove this theorem in §2. It is an improvement of [5, Theorem 1.1 ] in the case of Lie groups. However, the present proof is entirely different from that of [5, Theorem 1.1 ]. In the present proof we shall use properties of the Lie algebra very strongly, whereas in [5] we used only properties which are true for any (separable) locally compact group, but from which we could conclude a slightly weaker result only.
Our present theorem has various applications. By taking the union of at most countably many exceptional /-sets of measure zero, it follows, since Go is a countable group, that (2.2) establishes a well-defined (that is, single-valued) homomorphism g~^Û(g, t) of Go for all / outside of one set of measure zero, hence, after a trivial change, for all /. Now let g be an arbitrary element of G. We can write3 for all / outside of one fixed null set, 3 Such expressions as XI* exp 9*ot (or XL exp Bkjakj) stand for finite products of the group elements exp Bkflk (or exp Bkjakj). Since G need not be commutative we make the convention that H.gi sna'l denote the (finite) product g\gi ■ ■ ■ in this order. Hence by what we have just proved
We have therefore proved that the mapping g-*Ü(g, t) is a unitary representation of G for every /. Now6 let us take any one t and keep it fixed. Let x and y be any two elements of §(. We wish to prove that the inner product (0(g, t)x, y) is a Haar-measurable function of g. Let go be an arbitrary element of G and T a sufficiently small neighborhood of go such that every g£T can be written uniquely as hence (Ü(g, t)x, y) is a Haar-measurable (complex-valued) function of g for every fixed / and any pair of elements x, y of this ¡Qt-Thus we have proved that g-*Ü(g, t) is a "weakly" measurable unitary representation of G for every /. Since the space $&t is separable, this implies that Ü(g, t) is continuous in g for every fixed Z, which completes the proof of the first part of our theorem.
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